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Throughout, unless otherwise stated, K denotes a field of arbitrary characteristic, G a finite
group and all K-vector spaces are finite-dimensional. Each Exercise is worth 4 points.

ExErcisk 1
(a) Let G:= 53 =((12),(123))and K = C. Prove that
p1:53 — C 01,
P2 : 53 e CX,G = Sign(U),
ps: S5 — GLy(0)
12 - ()
(123 — (921)
are three non-equivalent irreducible matrix representations of G.

(b) Assume char(K) # 2 and let G := C; X C; be the Klein-four group. Find four pairwise
non-equivalent (matrix) representations of G over K of degree one.

EXERCISE 2

(a) Prove that the trivial representation of G is a subrepresentation of any permutation
representation of G over K.

ssume K = C an = (3. Find a decomposition into a direct sum of three irreducible
A K=CandG = Cs. Findad positioninto a direct fth ducibl
subrepresentations of the regular representation of G.
[Hint: use (a) and @ € C a cubic root of unity to find three G-invariant subspaces of V := ({e; | g € G})x ]

ExERCISE 3
Let p, : G — GL(V;) and p, : G — GL(V2) be two K-representations of G and let
a: Vi — V3 be a G-homomorphism. Prove the following assertions.

(a) If W C V; is a G-invariant subspace of V1, then a(W) C V5 is G-invariant.
(b) If W C V5 is a G-invariant subspace of V», then a1 (W) C V; is G-invariant.

(c) Both ker(a) and Im(«) are G-invariant subspaces of V; and V5 respectively.

Exercise 4 (Maschke’s Theorem does not hold without the assumption that char(K) 1 |G|.)
Let p be a prime number, let G := C, = (¢ | ¢’ = 1) and let K := [F,. Let B := (e1, e2) be the
standard ordered basis of V := K?. Consider the matrix representation

R: G — GLyK)
g = (81)-
(a) Prove that W := Ke; is G-invariant and deduce that R is reducible.

(b) Prove that there is no direct sum decomposition of V into irreducible G-invariant
subspaces.



