Chapter 3. Characters of Finite Groups

We now introduce the concept of a character of a finite group. These are functions y : G — C,
obtained from the representations of the group G by taking traces. Characters have many remarkable
properties, and they are the fundamental tools for performing computations in representation theory.
They encode a lot of information about the group itself and about its representations in a more compact
and efficient manner.

Notation: throughout this chapter, unless otherwise specified, we let:
- G denote a finite group;
- K := C be the field of complex numbers; and
-V denote a C-vector space such that dimc(V) < c0.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

7 Characters

Definition 7.1 (Character, linear character)

Let p,, : G —> GL(V) be a C-representation. The character of py is the C-valued function
xy: G — C
g = xylg)=Tr(py(9) -

We also say that p,, (or the associated CG-module V) affords the character x,,. If the degree of
py is one, then x,, is called a linear character.

Remark 7.2

(@) Recall that in linear algebra (see GDM) the trace of a linear endomorphism ¢ may be con-
cretely computed by taking the trace of the matrix of ¢ in a chosen basis of the vector space,
and this is independent of the choice of the basis.

Thus to compute characters: choose an ordered basis B of V and obtain V g € G:

xv(9) =T (pv(9)) = Tr ((pv(9)) )

23



Skript zur Vorlesung: Charaktertheorie SS 2022 24

(b) For a matrix representation R : G — GL,(C), the character of R is then

xr: G — C
g = xglg)=Tr(R(g9)) .
Example 3

The character of the trivial representation of G is the function 16: G — C,g — 1 and is called
the trivial character of G.

Lemma 7.3

Equivalent representations have the same character.

Proof: If p, : G — GL(V) and p,, : G — GL(W) are two C-representations, and o : V — W is an
isomorphism of representations, then

pw(g)=aopy(g)oa™ VgeG.

Now, by the properties of the trace (GDM) for two C-endomorphisms B,y of V we have Tr(Boy) =
Tr(y o B), hence for every g € G we have

xw(9) =Tr(pw(g)) =Tr(acpy(g)oa™) =Tr(py(g)oa ' ca) =Tr(py(g)) = xv(9).

Terminology / Notation 7.4

- Again, we allow ourselves to transport terminology from representations to characters. For

example, if py is irreducible (faithful, ...), then the character yy is also called irreducible
(faithful, ...).

- We define Irr(G) to be the set of all irreducible characters of G.
(We will see below that Irr(G) is a finite set.)

Properties 7.5 (Elementary properties)

Let p,, : G —> GL(V) be a C-representation and let g € G. Then the following assertions hold:
(@) xy(16) = dimc V;
(b) xy(g) = €1+ ...+ €, where &1,..., &, are o(g)-th roots of unity in C and n = dim¢ V;
(© Ixv(gl <xy(1c)
(d) xv(97") = xv(9);

(e) if p, = Py, @pvz is the direct sum of two subrepresentations, then x,, = Xv, + Xy, -

Proof:

(@) We have p,,(1¢) = Idy since representations are group homomorphisms, hence x, (1¢) = dimc V.
(b) This follows directly from the diagonalisation theorem (Theorem 6.2).
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(c) By (b) we have x,(g) = &1 + ... + &,, where &1,..., &, are roots of unity in C. Hence, applying
the triangle inequality repeatedly, we obtain that

() =le1 ...+ el < le1] +.oo4 |ea] =dimeV 2 x(1c).
—— ——
=1 =1

(d) Again by the diagonalisation theorem, there exists an ordered C-basis B of V and o(g)-th roots of

unity €1, ..., &, € C such that
£1 O ........ 0
0 &
(pv(9))5 = ORI
.0
0----o-- 0 g,
Therefore
51_1 0'.. ........ 0 g 0. 0
0. &' ; 0. &
(pv(g™) g = ’ o =
. 0 : 0
0 .......... O 8_1 0 ........ 0 87”

and it follows that x,(¢7") =&+ ...+ & =& +... T & = x,(g).

(e) Forie{1,2} let B; be an ordered C-basis of V; and consider the C-basis B := By L B, of V. Then,
by Remark 3.2 for every g € G we have

(pm (g)) N 0
(Pv(g))g = ,
0 (pvz(g)) 5,
hence x,(9) = Tr (py(9)) = Tr (py, (9)) + Tr (pv,(9)) = xv,(9) + xv,(9) - -

Corollary 7.6

Any character of G is a sum of irreducible characters of G.

Proof: By Corollary 3.6 to Maschke’s theorem, any C-representation can be written as the direct sum of
irreducible subrepresentations. Thus the claim follows from Properties 7.5(e). |

Notation 7.7
Recall from group theory (Einfiihrung in die Algebra) that a group G acts on itself by conjugation
via

GxG — G

(g.x) ~— gxg~'=:9%.

The orbits of this action are the conjugacy classes of G, we denote them by [x] := {% | g € G},
and we write C(G) := {[x] | x € G} for the set of all conjugacy classes of G.

The stabiliser of x € G is its centraliser C;(x) = {g € G | 9% = x} and the orbit-stabiliser theorem
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yields

_ 16l
|CC(X)| - |[X]| .

Moreover, a function f : G — C which is constant on each conjugacy class of G, i.e. such that
f(gxg=') = f(x) V g, x € G, is called a class function (on G).

Lemma 7.8

Characters are class functions.

Proof: Let py : G —> GL(V) be a C-representation and let yy be its character. Again, because by the

properties of the trace we have Tr(B o y) = Tr(y o B) for all C-endomorphisms B,y of V (GDM ), it
follows that for all g, x € G,

xv(gxg™") =Tr(pv(gxg™")) = Tr (pv(g)pv(x)pv(g) ")
=Tr (pv(x) pv(9)'pv(g)) = Tr (pv(x)) = xv(x).
=Id, ]

Exercise 7.9 (Exercise 9, Sheet 3)

Let p, : G — GL(V) be a C-representation and let y, be its character. Prove the following
statements.

(a) If g € G is conjugate to g~ ', then x,(g) € R.

(b) If g € G is an element of order 2, then x,(g) € Z and x,,(g) = x,(1) (mod 2).

Exercise 7.10 (The dual representation / the dual character [Exercise 10, Sheet 3))

Let p,, : G —> GL(V) be a C-representation.
(@) Prove that:
(i) the dual space V* := Homc(V,C) is endowed with the structure of a CG-module via
GxV* — V*
where (g.f)(v) :=f(g" V)Y veV;
i) the character of the associated C-representation p, s is then x4« = x,/; an
ii) the ch f th iated C-rep ion py« is then x,« = Xx,/; and
(iit) if p,, decomposes as a direct sum p,, @ p,, of two subrepresentations, then

Pyx = p\/1* (‘Bp\/z* .

(b) Determine the duals of the 3 irreducible representations of S3 given in Example 2(d).

8 Orthogonality of Characters

We are now going to make use of results from the linear algebra (GDM) on the C-vector space of
C-valued functions on G in order to develop further fundamental properties of characters.



Skript zur Vorlesung: Charaktertheorie SS 2022 27

Notation 8.1

We let (G, C) := {f : G —> C | f function} denote the C-vector space of C-valued functions on G.
Clearly dimc F(G,C) = |G| because {04 : G — C, h — 045 | g € G} is a C-basis (see GDM).
Set CI(G) :={f € F(G,C) | f is a class function}. This is clearly a C-subspace of F(G,C), called
the space of class functions on G.

Exercise 8.2 (Exercise 11, Sheet 3)
Find a C-basis of CI{(G) and deduce that dimc CI(G) = |C(G)|.

Proposition 8.3

The binary operation

(Se: F(G,C)xF(GC) — C -
(f1,12) = (g = (g Egea h1(9)R(9)

is a scalar product on F(G,C).

Proof: It is straightforward to check that (, ). is sesquilinear and Hermitian (Exercise 11, Sheet 3); it is
positive definite because for every f € F(G,C),

— 1
<f,f>— Zf (g =G If(g))> =0
gEG gEG;’;
and moreover {f,f) = 0 if and only if f = 0. |

Remark 8.4

Obviously, the scalar product (, ). restricts to a scalar product on CI(G). Moreover, if f, is a
character of G, then by Property 7.5(d) we can write

(hf)e = |G| > hilg |1G| > h(g)h(g™).

geCG

The next theorem is the third key result of this lecture. It tells us that the irreducible characters of a
finite group form an orthonormal system in C/(G) with respect to the scalar product {, ).

Theorem 8.5 (1sT ORTHOGONALITY RELATIONS)

If p,, : G— GL(V) and p,,, : G — GL(W) are two irreducible C-representations with characters
Xy and x,, respectively, then

{1 if py ~ pw.

1 -1
Xvi X =1~ 2o Xvig)x = .
Xvixwoa G| Z v(gxw(g™) 0 ifp, # py.

geG

Proof: Choose ordered C-bases E := (eq,..., e,)and F:=(f,..., fm) of V and W respectively. Then for
each g € G write Q(g) := (p,(9)) and P(g) := (py(9)) - If p, # py, compute
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Oty Xwde = ‘1@ S xv(@)xwl Z T (P(g™))

= f
? 2 2 Q(g Z P(g 71)/‘/)
eG =1 j=1

=ZZ ZQ(QH'D(Q )i =0
i=1j=1 geG

=0 by (a) of Schur’s Relations

and similarly if W =V, then P = Q and

n m

Gxde =% 5 00lg )y =X 1=

i=1j=1 gEG i=1

:%6[,6,»/ by (b) of Schur’s Relations [ ]

9 Consequences of the 1st Orthogonality Relations

In this section we use the 1st Orthogonality Relations in order to deduce a series of fundamental
properties of the (irreducible) characters of finite groups.

Corollary 9.1 (Linear independence)

The irreducible characters of G are C-linearly independent.

Proof: Assume Zf=1 Aix; = 0, where y;,, ..., x, are pairwise distinct irreducible characters of G, A1,...,As €
C and s € Z-(. Then the 1st Orthogonality Relations yield

0= <Z /\iX['Xj>G = 2 Ai <Xier>G =4
i=1 =1 T~

=5

for each 1 < j < s. The claim follows. |

Corollary 9.2 (Finiteness)

There are at most |C(G)| irreducible characters of G. In particular, there are only a finite number
of them.

Proof: By Corollary 9.1 the irreducible characters of G are C-linearly independent. By Lemma 7.8 irrre-
ducible characters are elements of the C-vector space CI(G). Therefore there exists at most dim¢ C{(G) =
|C(G)| < oo of them. ]

Corollary 9.3 (Multiplicities)

Let p,, : G — GL(V) be a C-representation and let p,, = Py, @D py be a decomposition of
py into irreducible subrepresentations. Then the following assertions hold.

(a) If p,y : G —> GL(W) is an irreducible C-representation of G, then the multiplicity of p,,, in
py, ®---@py, is equal to Xvi Xw) e
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(b) This multiplicity is independent of the choice of the chosen decomposition of p, into irre-
ducible subrepresentations.

Proof: (a) We may assume that we have chosen the labelling such that
P\/*Pv@ @PV@PVM@'“@PVSI
where p, ~py V1 <i<landp, # p, VI+1<j<s Thusy, = x, V1 <i<lby

Lemma 7.3. Therefore the 1st Orthogonality Relations yield

Xvixwoe = Z<Xv Xwye + Z <Xv Xw)e = Z<XW Xw)g + Z <Xv xwye = L.

i=1 j=l+1 4 j=Il+1 %/—’
= =0
(b) Obvious, since {x\., x> depends only on V and W, but not on the chosen decomposition. |

We can now prove that the converse of Lemma 7.3 holds.

Corollary 9.4 (Equality of characters)
Let p, : G — GL(V) and p,;, : G — GL(W) be C-representations with characters y,, and x,
respectively. Then:

Xv=Xw <= Pv~Pw-

Proof: “<": The sufficient condition is the statement of Lemma 7.3.

“=": To prove the necessary condition decompose p, and p,, into direct sums of irreducible subrepre-

sentations
py = py, @D @Pvm D Dpy,® - Dpy,
T all ~py,
Pw = Pw,, 6—)“-@wa1 DD pw,, @"'@Pm,,i ,
T all ~py,

where m;,p; = 0 for all 1 < i < s and the p,'s are pairwise non-equivalent irreducible C-
representations of G. (Some of the m;, p;'s may be zero!) Now, as we assume that y,, = x,, for
each 1 < i < s Corollary 9.3 yields

mi = <XV'X\4>G = <XW:le>c = p;,
hence p,, ~ pyy-

Corollary 9.5 (Irreducibility criterion)
A C-representation p,, : G — GL(V) is irreducible if and only if (x,,, x,)c = 1.

Proof: “=": holds by the 1st Orthogonality Relations.
“<": As in the previous proof, write

pv:p\qA@...@prm@...@pv ®-- @p\/smr

7 %,_/
all ~py, all ~py,
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where m; > 1 for all 1 < i < s and the p,'s are pairwise non-equivalent irreducible C-
representations of G. Then, using the assumption, the sesquilinearity of the scalar product and the
1st Orthogonality Relations, we obtain that

S S
1= xv)e = Z m; XviXv)e = Z m?.
i=1 T i=1
Hence, w.l.o.g. we may assume that mi =1andm; =0V 2 < i< s, sothatp, = py, is irreducible. W
Theorem 9.6

The set Irr(G) is an orthonormal C-basis (w.rt. {, ).) of the C-vector space CI(G) of class functions
on G.

Proof: We already know that Irr(G) is a C-linearly independent set and also that it forms an orthonormal
system of CI(G) w.rt. {, ). Hence it remains to prove that Irr(G) generates CI(G). So let X := (Irr(G))¢
be the C-subspace of CI(G) generated by Irr(G). It follows that

Cl(G) =X Xt
where X1 denotes the orthogonal of X with respect to the scalar product (, ). (see GDM). Thus it is
enough to prove that X+ = 0. So let f € X+, setf := Ygec f(g)g € CG and we prove the following
assertions:
(1) f € Z(CG) (the centre of CG): let h € G and compute
v _— — —1 — _— v
hfh=" = Z f(g)hg - h™" *i=Lgh Z f(h~'sh)s = Z f(s)s="f.
geC SECW seG

Hence hf = fh and this equality extends by C-linearity to the whole of CG, so that fe Z(CG).

(2) If V is a simple CG-module with character x,, then the external multiplication by f on V is scalar

multiplication by %(xv )¢ € C: first notice that the external multiplication bgf on V, i.e. the map

fiov— V,V>—>f~v
is CG-linear. Indeed, for each x € CG and each v € V we have

folx-v)=(x)-v=xf)-v=x-(f-v)

because f € Z(CG). Therefore, by Schur’s Lemma, there exists a scalar A € C such that foo= Aldy.
Moreover,
1 1 o 1 — 1 — |G|
A= ;Tr(AIdV) = ETr(f c—) = - Z f(g)Tr (mult. by g on V) = Z f(9)xv(g) = T<XV' e
geC @) geG
=xvig

(3) If V is a simple CG-module with character x,, then the external multiplication by fon V is zero:
indeed, {x,., f)c = 0 because f € X and the claim follows from (2).

(4) f = 0: indeed, as the external multiplication by f is zero on every simple CG-module, it is zero on

every CG-module, because any CG-module can be decomposed as the direct sum of simple submodules
by the Corollary to Maschke’s Theorem. In particular, the external multiplication by f is zero on CG.

Hence y y
0="F1cc=1=> flg)g
geG

and we obtain that f(g) = 0 for each g € G because G is a C-basis of CG. But then f(g) = 0 for each
g € G and it follows that f = 0. |
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Corollary 9.7

The number of pairwise non-equivalent irreducible characters of G is equal to the number of con-
jugacy classes of G. In other words,

[Irr(G)] = [C(G)]-

Proof: By Theorem 9.6 the set Irr(G) is a C-basis of the C-vector space CI(G) of class functions on G.
Hence,

[Irr(G)| = dimc CL(G) = |C(G)]
where the second equality holds by Exercise 8.2. |

Corollary 9.8
Let f € CI(G). Then the following assertions hold:

(a) f= erlrr(C)<f'X>C X

(b) <f' f>G = erlrr((])<f' X>ZC'
(c) fis a character <= (f,x)c€Z>0 V x €lrr(G); and
(d) felrr(G) <= fis a character and {f,f). = 1.

Proof: (a)+(b) hold for any orthonormal basis with respect to a given scalar product. (GDMI)

(c) '=": If f is a character, then by Corollary 9.3 the complex number {f, ;) is the multiplicity of x;
as a constituent of f, hence a non-negative integer.

‘<"t If for each x € Irr(G), {f, XD =: my € Zxo, then f is the character of the representation
p= @D Drk)
X€Elrr(G) j=1

where p(x) is a C-representation affording the character .

(d) The necessary condition is given by the 1st Orthogonality Relations. The sufficient condition follows
from (b) and (c). m

Exercise 9.9 (Exercise 12, Sheet 3)

Let V be a CG-module (finite dimensional) with character x,, . Consider the C-subspace Ve =
{veV|g-v=vVYge G} Prove that

_ 1
dimg V& = — 2 xv(9)
Gl =2
in two different ways:

1. considering the scalar product of x|, with the trivial character 1¢;

2. seeing V¢ as the image of the projector 1 : V — V, v > ‘%‘ dec g-v.
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10 The Reqular Character

Recall from Example 1(d) that a finite G-set X induces a permutation representation

px: G — GL(V)
g = px(g):V—V, e —eqg

where V is a C-vector space with basis {ey | x € X} (i.e. indexed by the set X). Given g € G write
Fixx(g) := {x € X | g - x = x} for the set of fixed points of g on X.

Proposition 10.1 (Character of a permutation representation)

Let X be a G-set and let x, denote the character of the associated permutation representation p,.
Then

xx(g9) =[Fixx(g)] Vgea.

Proof: Let g € G. The diagonal entries of the matrix of p,(g) expressed in the basis B := {e, | x € X} are:

1 ifg-x=x
((px(g))g)”= {0 g x % x VxeX.

Hence taking traces, we get xx(g) = > cx ((px(g))B) = | Fixx(g)|. |

For the action of G on itself by left multiplication, by Example 1(d), py = preq is the regular represen-
tation of G. In this case, we obtain the values of the regular character.

Corollary 10.2 (The regular character)

Let Xy denote the character of the regular representation preq of G. Then

|G| ifg="1q,
Xreg(g) :{

0 otherwise.

Proof: This follows immediately from Proposition 10.1 since Fixg(1¢) = G and Fixg(g) = & for every
ge G\{1c} u

Theorem 10.3 (Decomposition of the reqular representation)

The multiplicity of an irreducible C-representation of G as a constituent of p.,4 equals its degree.
In other words,

Xreg = Z x(M)x.

xelrr(G)

Proof: By Corollary 9.3 we have x..q = >, cir(6)Xreq XV X, Where for each x € Irr(G),

1 — |G
tenrX06 = 11 O Xen(9) X(8) = 1obx(1) = x(1).
Gl 2 L9 c
=014/G|
by Cor. 10.2

The claim follows. |
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Remark 10.4

In particular, the theorem tells us that each irreducible C-representation (considered up to equiv-
alence) occurs with multiplicity at least one in a decomposition of the regular representation into
irreducible subrepresentations.

Corollary 10.5 (Degree formula)

The order of the group G is given in terms of its irreducible character by the formula

Gl= > x(1)%.

xelrr(G)

Proof: Evaluating the regular character at 1 € G yields

Gl = xeg(D) = D) x(Mx(M) = >, x(1)*.
X€lrr(G) Xx€lrr(G) [ ]

Exercise 10.6 (Exercise 13(b), Sheet 4)

Use the degree formula to give a second proof of Proposition 6.1. In other words, prove that if G is
a finite abelian group, then

Irr(G) = {linear characters of G}.




