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Exercise 17.5
Prove that, if x € Irr(G), then x(1) | |G : Z(x)|- Deduce that x(1) | |G : Z(G)|.

This allows us to prove an important criterion, due to Burnside, for character values to be zero.

Theorem 17.6 (Burnside)

Let x € Irr(G) and let C = [g] be a conjugacy class of G such that ged(x(1),
x(g) =0orgeZ(x)

C|) = 1. Then

Proof: As gcd(x(1),|C|) =1, there exist u,v € Z such that ux(1) + v|C| =1 Set a := %. Then

a = X1 = X8 (ue() +11C) = ux(@) + VI~ ux(g) + v (€)

is an algebraic integer because both x(g) and w, (C) are. Now, set m := [(g)| and let {;, := e™». As
x(g) is a sum of m-th roots of unity, certainly x(g) € Q({x»). Let G be the Galois group of the Galois
extension Q < Q({y,). Then for each field automorphism o € G, g(a) is also an algebraic integer because
a and g(a) are roots of the same monic integral polynomial. Hence § := [[,.; 0(@) is also an algebaric
integer and because d(B) = B for every 0 € G, B is an element of the fixed field of G, namely B € Q
(Galois theory). Therefore B e Z.

If g € Z(x), then there is nothing to do. Thus we may assume that g ¢ Z(x). Then |x(g)| # x(1), so
that by Property 7.5(c) we must have |x(g)| < x(1) and hence |a| < 1. Now, again by Property 7.5(b),
x(g) =&+ ...+ €, withn=x(1) and €1,..., &n m-th roots of unity. Therefore, for each o € G\{ld},
we have o(x(g)) = o(e1) + ... + d(e,) with o(&1),...,0(e,) m-th roots of unity, because &1,..., &,
are. It follows that

lo(x(g)| = lo(er) + ...+ a(en)| < lo(er)[ + ...+ |o(en)] = n = x(1)
and hence :
lo(a)| = W\U(X(g))\ < () =

Thus
|B|=|H‘7(0‘)|= la| - H lo(a)| < 1.

geg A oeG\{ld} <1
The only way an integer satisfies this inequality is B = 0. Thus a = 0 as well, which implies that

x(g)=0. u

Corollary 17.7

Assume now that G is a non-abelian simple group. In the situation of Theorem 17.6 if we assume
moreover that (1) > 1 and C # {1}, then it is always the case that x(g) = 0.

Proof: Assume x(g) # 0, then Theorem 17.6 implies that g € Z(x), so Z(x) # 1. As G is simple and
Z(x) < G by Proposition 17.3(a), we have Z(x) = G. Moreover, the fact that G is simple also implies
that ker(x) =1, as if it were G, then x would be reducible. Thus, it follows from Proposition 17.3 that

G = Z(x)/ker(x) = Z(G/ker(x)) = Z(G) =1,

where the last equality holds because G is simple non-abelian. This is contradiction. |
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18 Burnside’s p®g’-Theorem

Character theory has many possible applications to the to the structure of finite groups. We consider
in this section on of the most famous of these: the proof of Burnside’s p?q® theorem.

Example 10
To begin with we consider two possible minor applications of character theory to finite groups. Both
are results of the Einfiirung in die Algebra, for which you have already seen purely group-theoretic
proofs.

(a) G finite group such that |G| = p? for some prime number p = G is abelian.

- Proof using character theory. By Corollary 16.7 we have x (1) | |G| for each x € Irr(G).
Thus

x(1) e{1,p,p%}.

Therefore the degree formula reads

p’=1Gl= > x(1)’ =161+ >, x(1)?,
Xx€Elrr(G) 1 Xx€Elrr(G)
B x#1c
which implies that it is not possible that the degree of an irreducible character of G is
p or p2. In other words, all the irreducible characters of G are linear, and thus G is
abelian by Corollary 14.8.

(b) G is a non-trivial p-group = G is soluble.

[Recall from the Einfiirung in die Algebra that a finite group G is soluble if it admits a chain
of subgroups
1=Gi<lGi<..<Gs=0G

such that for 1 < i <'s, Gi—1 < G; and G;/Gi_1 is cyclic of prime order. Moreover, we have the
following very useful solubility criterion, sometimes coined "the sandwich principle": if H G
is a normal subgroup, then the group G is soluble if and only if both G and G/H are soluble.]

- Proof using character theory. By induction on |G| =: p? (a € Z~p). If |G| = p or
|G| = p?, then G is abelian (cyclic in the former case). Finite abelian groups are clearly
soluble because they are products of cyclic groups of prime power order.

Therefore, we may assume that |G| = p>. As in (a) Corollary 16.7 implies that

x(We{tp.p’.... p°}  for each x € Irr(G) .

Now, again the degree formula yields

p=1GI =1+ 3 x(1)2.
xelrr(G)
x#1c
and for this equality to hold, there must be at least p linear characters of G (including
the trivial character). Thus it follows from Corollary 14.8 that G’ < G. Hence both
G’ and G/G’ are soluble by the induction hypothesis = G is soluble by the sandwich
principle.
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Theorem 18.1 (Burnside)

Let G be a finite non-abelian simple group. If C is a conjugacy class of G such that |C| = p° with
p prime and a € Z, then C = {1}.

Proof: Assume ab absurdo that C # {1} and choose g € C. In particular g # 1. Since G is non-abelian
simple G = G’ and it follows from Corollary 14.8 that the unique linear character of G is the trivial
character. Hence, for each x € Irr(G)\{1¢}, either p | x(1) or 1 = ged(x(1), p) = ged(x(1),|C]), and
in the case in which p 1 x(1), then x(g) = 0 by Corollary 17.7. Therefore, the Second Orthogonality

Relations read
0="1+ > x(g x(1) =1+ > x(g)x(1)
x€Elrr(G) x€lrr(G)

x# e oy XM plx(1)

and dividing by p yields
1 1
> XU g - ooz
— p

Xelrr(1G) ~——algebraic
plx(1) €Z  integer

algebraic integer

This contradicts the fact that rational numbers which are algebraic integers are integers. It follows that
g =1 is the only possibility and hence C = {1}. |

As a consequence, we obtain Burnside's p®q” theorem, which can be found in the literature under two
different forms. The first version provides us with a "non-simplicity" criterion and the second version

with a solubility criterion, which is extremely hard to prove by purely group theoretic methods.

Theorem 18.2 (Burnside’s p®q® Theorem, "simple" version)

Let p, g be prime numbers and let a, b € Z>¢ be integers such that a +b > 2. If G is a finite group
of order p?g?, then G is not simple.

Proof: First assume that @ = 0 or b = 0. Then G is a g-group with ¢ | |G|, resp. a p-group with p? | |G|.
Therefore the centre of G is non-trivial (Einfiirung in die Algebra), thus of non-trivial prime power order.
Therefore there exists an element g € Z(G) of order g (resp. p) and 1 # {g) < G is a proper non-trivial
normal subgroup. Hence G is not simple.

We may now assume that a # 0 # b. Let Q € Syl ,(G) be a Sylow g-subgroup of G (i.e. |Q = q°).
Again, as Q is a g-group, we have Z(Q) # {1} and we can choose g € Z(Q)\{1}. Then

Q < Ca(g)
and therefore the Orbit-Stabiliser Theorem yields

gl = 1G - Ca(g)| = p’

for some non-negative integer r < a. If r = 0, then p” =1 and G = C¢(g), so that g € Z(G). Hence
Z(G) # {1} and G is not simple by the same argument as above. If p” > 1, then G cannot be simple by
Theorem 18.1. |

Theorem 18.3 (Burnside’s p®q® Theorem, "soluble" version)

Let p, g be prime numbers and a, b € Z~q. Then any finite group of order p?q® is soluble.

Proof: Let G be a finite group of order p?g®. We proceed by induction on a + b.

- a+be{0,1} = G is either trivial or cyclic of prime order, hence clearly soluble.
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- a+b>=2 = G is not simple by the "simple" version of Burnside’s p?q® theorem. Hence there
exists a proper non-trivial normal subgroup H in G and both |H|, |G/H| < p°q®. Therefore both H
and G/H are soluble by the induction hypothesis. Thus G is soluble by the sandwich principle.
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Chapter 6. Induction and Restriction of Characters

In this chapter we present important methods to construct / relate characters of a group, given charac-
ters of subgroups or overgroups. The main idea is that we would like to be able to use the character
tables of groups we know already in order to compute the character tables of subgroups or overgroups
of these groups.

Notation: throughout this chapter, unless otherwise specified, we let:

- G denote a finite group, H < G and NG, iy : H— G, h — h is the canonical inclusion of H
in G and 7y : G —> G/N, g — gN is the quotient morphism;

- K := C be the field of complex numbers;
- rr(G) :=={x;,..., x,} denote the set of pairwise distinct irreducible characters of G;

- C1 =[g1],.... G = [g/] denote the conjugacy classes of G, where g1,..., ¢, is a fixed set of
representatives; and
- we use the convention that x; = 15 and g1 = 1€ G.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

19 Induction and Restriction

We aim at inducing and restricting characters from subgroups, resp. overgroups. We start with the
operation of induction, which is a subtle operation to construct a class function on G from a given class
function on a subgroup H < G. We will focus on characters in a second step.

Definition 19.1 (Induced class function)

Let H < G and ¢ € Cl(H) be a class function on H. Then the induction of ¢ from H to G is

Ind% () =914 : G — C 1
g = @(9) = Lec @ (xgx ),

py) ifyeH,
0 ify¢ H.

where for y € G, ¢°(y) := {
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Remark 19.2
With the notation of Definition 19.1 the following holds:

(a)

@15 (g Z P (xgx7") = Z p(xgx~"
XEG XEC
xgx~'eH

(b) the function @15 is a class function on G, because for every g,y € G,

o1fi (ygy™') = ‘H|Z<p xygy~ xS |H|Z<p sgs ') =15 (9).
xeG seG

In contrast, the operation of restriction is based on the more elementary idea that any map can be re-
stricted to a subset of its domain. For class functions / representations / characters we are essentially
interested in restricting these (seen as maps) to subgroups.

Definition 19.3 (Restricted class function)
Let H < G and ¢ € CI(G) be a class function on G. Then the restriction of ¢/ from G to H is

Resfi(i)) == ¢ lfj= |y = oin.

This is obviously again a class function on H.

Remark 19.4

If  is a character of G afforded by the C-representation p : G —> GL(V), then clearly /| is the
character afforded by the C-representation Res(p) := pl&:=ply =poiy:H— GL(V). See
Exercise 9.10(i).

Exercise 19.5
Let H < J < Gand let g < G. Prove the following assertions:

(@) ¢ eCl(H) — @1f (9) = Zhvernc P(xgx~");
Hx=Hxg

(b) p eCl(H) = (o1, )T/ @15 (transitivity of induction);
(c) yeCl(G) = (g[/lj )IL,= ¢ 1% (transitivity of restriction);
(d) the maps
Ind$ : CI(H) — CL(G), ¢ — @1& and  Resf : Cl(G) — CI(H), y — ¢ 1§
are C-linear;

(e) p eCl(H) and Y e CL(G) = ¢ - p1§= (Lplﬁ p) 1% (Frobenius formula).




