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Theorem 5.6 (ScHUR’S RELATIONS)

Assume char(K) 1 |G|. Let Q : G — GL,(K) and P : G — GL,(K) be irreducible matrix
representations.

(a) If P« Q, then \%IZQEG P(9)riQ(g~");s=0forall1<r,i<mandall1<js<n.

(b) If K = K and char(K) { n, then %‘dec 0(9)riQ(g");s (5[]5rS forall1 < r,i,j,s<n.

Proof: Set V:= K", W := K" and let p,, : G — GL(V) and p,, : G — GL(W) be the K-representations
induced by Q and P, respectively, as defined in Remark 1.2. Furthermore, consider the K-linear map
¢ 1 V— W whose matrix with respect to the standard bases of V = K" and W = K™ is the elementary
matrix

(i.e. the unique nonzero entry of £;; is its (i, j)-entry).
(@) By Proposition 5.5(a),
Z pw(g)odopy(g™) =0

gEG

because P # Q, and hence p,, # p,,. In particular the (r, s)-entry of the matrix of Jl with respect
to the standard bases of V = K" and W = K" is zero. Thus,

»
~ 16 5 PR = g T P10
geG geG

because the unique nonzero entry of the matrix £;; is its (i, j)-entry.
(b) Now we assume that P = Q, and hence n =m, V =W, p,, = p,,. Then by Proposition 5.5(b),

Tr(y) Lody ifi=,
ddy =17" e,
n 0 ifi#j.

‘G‘va L)Z] p\/( _1)=

geG

Therefore the (r, s)-entry of the matrix of J/ with respect to the standard basis of V = K" is

a Z [Q(Q)Ei/Q(g”)]rS — {(,11 dy ). :Lf 1 - /

0 if i #j.

Again, because the unique nonzero entry of the matrix Ej; is its (i, j)-entry, it follows that

1
= *51'53-
|C| Z Qlg nY [ |

geCG

6 Representations of Finite Abelian Groups

In this section we give an immediate application of Schur’s Lemma encoding the representation theory
of finite abelian groups over an algebraically closed field K whose characteristic is coprime to the order

of the group.
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Proposition 6.1

Assume G is a finite abelian group, K = K and char(K) 1 |G|. Then the K-dimension of any simple
K G-module is equal to 1.
(Equivalently, any irreducible K-representation of G has degree 1.)

Proof: Let V be a simple KG-module, and let p,, : G — GL(V) be the underlying K-representation (i.e.
as given by Proposition 4.3).

Claim: any K-subspace of V' is in fact a KG-submodule.

Proof: Fix g € G and consider p,(g). By definition p, (g) € GL(V), hence it is a K-linear endomorphism
of V. We claim that it is in fact KG-linear. Indeed, as G is abelian, V h € G, V v € V we have

pv(g)(h-v) = py(g)(pv(h)(v)) = [py(9)p

and it follows that p,(g) is KG-Llinear, i.e. p,(g) € Endkc(V). Now, because K is algebraically
closed, by part (b) of Schur’s Lemma, there exists A; € K (depending on g) such that

pv(g) =Ag - ldy .

As this holds for every g € G, it follows that any K-subspace of V is G-invariant, which in terms
of KG-modules means that any K-subspace of V is a KG-submodule of V.

To conclude, as V is simple, we deduce from the Claim that the K-dimension of V must be equal to 1. W

Theorem 6.2 (DIAGONALISATION THEOREM)

Assume K = K and char(K) { |G|. Let p : G — GL(V) be a K-representation of an arbitrary
finite group G. Fix g € G. Then, there exists an ordered K-basis B of V with respect to which

e 0-ennn 0
0 82.' .,

(P(g))BZ ) )
[\ 0 e,

where n := dimg (V) and each & (1 < i < n) is an o(g)-th root of unity in K.

Proof: Consider the restriction of p to the cyclic subgroup generated by g, that is the representation
P|<g> :{g) — GL(V).

By Corollary 3.6 to Maschke’s Theorem, we can decompose the representation p|<g> into a direct sum of
irreducible K-representations, say
Pligy =Py, @ ®py,.

where V4,...,V, € V are (g)-invariant. Since (g) is abelian dimg(V;) = 1 for each 1 < i < n by
Proposition 6.1. Now, if for each 1 < i < n we choose a K-basis {x;} of V;, then there exist ¢; € K
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(1 < i< n)such that p,, (g) = & and B:= (xy,...,x,) is an ordered K-basis of V such that

&1 0 ........ 0

0. & .

(p(@)g =" -
.0

[} 0 e,

Finally, as g°(9 = 1, it follows that for each 1 < i < n,

&' = py,(9)°9 = py,(9°@) = py,(T6) = 1k

i

and hence g; is an o(g)-th root of unity. |

S_cholium 6.3

Assume K = K, char(K) { |G| and G is abelian. If p : G — GL(V) is a K-representation
of G, then the K-endomorphisms p(g) : V — V with g running through G are simultaneously
diagonalisable.

Proof: Same argument as in the previous proof, where we may replace '{g)" with the whole of G. ]



Chapter 3. Characters of Finite Groups

We now introduce the concept of a character of a finite group. These are functions ¥ : G — C,
obtained from the representations of the group G by taking traces. Characters have many remarkable
properties, and they are the fundamental tools for performing computations in representation theory.
They encode a lot of information about the group itself and about its representations in a more compact
and efficient manner.

Notation: throughout this chapter, unless otherwise specified, we let:
- G denote a finite group;
- K := C be the field of complex numbers; and
-V denote a C-vector space such that dimc(V) < oo.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

7 Characters

Definition 7.1 (Character, linear character)

Let p,, : G —> GL(V) be a C-representation. The character of py is the C-valued function
xy: G — C
g — xv(9)=Tr(py(9)) -

We also say that p,, (or the associated CG-module V) affords the character yx,,. The degree of y,,
is the degree of p,,. If the degree of x,, is one, then x,, is called a linear character.

&:mark 7.2

(a) Recall that in linear algebra (see GDM) the trace of a linear endomorphism ¢ may be con-
cretely computed by taking the trace of the matrix of ¢ in a chosen basis of the vector space,
and this is independent of the choice of the basis.

Thus to compute characters: choose an ordered basis B of V and obtain ¥V g € G:

xv(g) =T (pu(9) = Tr ((pv(9)) 5)

23
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(b) For a matrix representation R : G — GL,(C), the character of R is then

xr: G — C
g = xglg9):=Tr(R(g)) .
Example 3

The character of the trivial representation of G is the function 16: G — C,g — 1 and is called
the trivial character of G.

Lemma 7.3

Equivalent C-representations afford the same character.

Proof: If p, : G — GL(V) and p,, : G — GL(W) are two C-representations, and a : V — W is an
isomorphism of representations, then

pw(g) =aopy(g)oa™ Vged.

Now, by the properties of the trace (GDM) for any two C-endomorphisms B,y of V we have Tr(Boy) =
Tr(y o B), hence for every g € G we have

xw(g) =Tr(pw(g)) = Tr(aopy(g)oa™) =Tr(py(g)oa' o a) =Tr(py(9)) = xv(g).

—_

=ld,, [ ]

Terminology / Notation 7.4

- Again, we allow ourselves to transport terminology from representations to characters. For

example, if py is irreducible (faithful, ...), then the character yy is also called irreducible
(faithful, ...).

- We define Irr(G) to be the set of all irreducible characters of G, and Lin(G) to be the set of
all linear characters of G. (We will see below that Irr(G) is a finite set.)

Properties 7.5 (Elementary properties)

Let p,, : G — GL(V) be a C-representation and let g € G. Then the following assertions hold:
(a) xy(1g) = dimc V;
(b) xy(g) = €1+ ...+ &, where &,..., €n are o(g)-th roots of unity in C and n = dim¢ V;
(© bxv(9)l < xv(1e):
() xv(97") = xv(9);

(e) if p, = Py, @pvz is the direct sum of two subrepresentations, then x|, = Xv, Xy, -

Proof:

(a) We have p, (1) = Idy since representations are group homomorphisms, hence x, (1¢) = dim¢ V.
(b) This follows directly from the diagonalisation theorem (Theorem 6.2).
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(c) By (b) we have x,,(g) = €1 + ...+ €,, where &1, ..., &, are roots of unity in C. Hence, applying
the triangle inequality repeatedly, we obtain that

(@) =let+...tel< lel] +..ot lea] =dimeV 2 %, (16).
— —

=1 =1

(d) Again by the diagonalisation theorem, there exists an ordered C-basis B of V' and o(g)-th roots of

unity €1, ..., &, € C such that
& 0 ........ 0
0, & .
(ool = |+
.0
[ 0 g,
Therefore
51—1 0'.. ........ 0 & 0. 0
0. &' : 0. &
(Pv(gq))gf ' o=
. 0 : 0
0.........¢ 0 & [0 0 g,

and it follows that x, (g7 ") =&/ +... + &, =& +... T & = x,(q).

(e) Forie {1,2} let B; be an ordered C-basis of V; and consider the C-basis B := By B, of V. Then,
by Remark 3.2 for every g € G we have

(pv1 (g)) 5 0
(Pv(9)>5 = )
0 (Pr(9)),
hence x\,(g) = Tr (py(9)) = Tr (py, (9)) + Tr (py,(9)) = xv,(9) + x,(9) - -

Corollary 7.6

Any character of G is a sum of irreducible characters of G.

Proof: By Corollary 3.6 to Maschke’s theorem, any C-representation can be written as the direct sum of
irreducible subrepresentations. Thus the claim follows from Properties 7.5(e). |

Notation 7.7
Recall from group theory (Einfiihrung in die Algebra) that a group G acts on itself by conjugation
via

GxG — G

(g.x) = gxg~'=:%.

The orbits of this action are the conjugacy classes of G, we denote them by [x] := {9% | g € G},
and we write C(G) := {[x] | x € G} for the set of all conjugacy classes of G.

The stabiliser of x € G is its centraliser Cg(x) = {g € G | 9% = x} and the orbit-stabiliser theorem
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yields
_la

[[X]]

Moreover, a function f : G — C which is constant on each conjugacy class of G, i.e. such that
f(gxg™') = f(x) ¥V g,x € G, is called a class function (on G).

|Ca(x)]

Lemma 7.8

Characters are class functions.

Proof: Let py : G — GL(V) be a C-representation and let y, be its character. Again, because by the
properties of the trace we have Tr(B o y) = Tr(y o B) for all C-endomorphisms B,y of V (GDM ), it
follows that for all g, x € G,

xv(gxg™") =Tr (pv(gxg™")) = Tr (pv(g)pv(x)pv(g9)™")
=Tr (pv(x) pv(9)~"pv(g) ) = Tr (pv(x)) = xv(x).
_
=Id, |

Exercise 7.9

Let p, : G — GL(V) be a C-representation and let y, be its character. Prove the following
statements.

(a) If g € G is conjugate to g~ then x,(g) € R.

(b) If g € G is an element of order 2, then x,,(g) € Z and x,,(g) = x,/(1) (mod 2).

Exercise 7.10 (The dual representation / the dual character)

Let p,, : G — GL(V) be a C-representation.
(a) Prove that:
(i) the dual space V* := Homc(V,C) is endowed with the structure of a CG-module via
GxV* — V*
(g.f) = gf
where (g.f)(v) :=f(g""v) Y ve V;
(ii) the character of the associated C-representation p, . is then x,« = X, ; and
(ii)) if p), decomposes as a direct sum p,, @ p,, of two subrepresentations, then

Pyx is equivalent to p . @ P«
1 2

(b) Determine the duals of the 3 irreducible representations of S3 given in Example 2(d).

8 Orthogonality of Characters

We are now going to make use of results from the linear algebra (GDM) on the C-vector space of
C-valued functions on G in order to develop further fundamental properties of characters.



