REPRESENTATION THEORY — EXERCISE SHEET 5 TU KAISERSLAUTERN

Jun.-PrROF. DR. CAROLINE LASSUEUR FB MATHEMATIK
DR. N1amH FARRELL
Due date: Tuesday, 17th of December 2019, 6 p.m. WS 2019/20

Throughout G denotes a finite group and K a field. All KG-modules considered are assumed
to be finitely generated.

EXERCISE 25.
Let H,L < G, let M be a KL-module and let N be a KH-module. Use the Mackey formula to
prove that:

(a) M1} ®kN1T;= @ge[H\G/L](W‘LiILm @ ®kN ) Thne

(b) Homg(M1¢,N1¢) = EBge[H\G/L](HomK(gZ\/“’iILﬂgL’N Yina)) Thng -

EXERCISE 26.
Let M be a KG-module. Prove that the following KG-submodules of M are equal:

(1) soc(M);
(2) the largest semisimple KG-submodule of M;
(B) {me M| J(KG)m = 0}.

ExERCISE 27.
Prove that:

(a) If P is a projective KG-module, then so is P*.
(b) If H < G and P is a projective KH-module, then P 1€ is a projective KG-module.
proj H proj

(c) If P is a projective KG-module and M is an arbitrary KG-module, then P ®x M is
projective.

(d) If Pis a projective indecomposable KG-module, then soc(P) is simple. (Hint: consider
duals.)

EXERCISE 28.
Let S be a simple KG-module and let Ps denote the corresponding PIM (i.e. Ps/rad(Ps) = S).
Let M be an arbitrary KG-module. Prove that:

(a) If T is a simple KG-module then

dimg Endgs(S) ifS=T,
dimy Homyc(Ps, ) = {01m1< ndgg(S) i

otherwise.

(b) The multiplicity of S as a composition factor of M is
dim]( HomKG(PS,M)/ dimK EndKG(S) .



